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On the Solutions of the Haissinski Equation
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Eleclrons in an accelerator interact with their environment because they a]'e enclosed in metals (vacuum pipe, Ihe 
RF cavities, etc.). An electron feels a force produced by the olher electrons. This force is called the wake force. The 
force acting on an electron by another elect]~on is represented by the wake function. The wake force is an integration 
of lhis wake function. The molion of an electron in a bunch is described by the Fokke]'-Plank equation wilh the 
effective (one particle) potential lerm wl]ich represents the wake force and lhe stochaslic effect coming from the 
synchrotron radialion. 
A stationary solution of lhe Fokker-Planck equation is described by the Haissinski equation, which is a nonlinear 
integral equation. For most of the cases , there exists a tllreshold value for the total number of particles in the bunch, 
beyond which a so]ution of the Haissinski equation is unstable. Usually, the accelerator is designed and operated 
below the threshold. Beyond the threshold, the buncl]es iend to become long and show uncontrollable turbulent 
behavior. 
Recently, the need for shorter bunches becomes serious for the betler performance of e+e~ colliding rings, high 
brightness light sources, the free e]ectron lasers, etc.. To respond to these needs, a better understa]]ding of lhe above 
inslabi]ity becomes more important. 
At present, on the other hand, the evaluation of the thresho]d is done fu]Iy numerically: wake functions for difforent 
vacuum chamber elements are ca]culated by conlputer pi'ogi'ams. The threshold is calculated using a computer 
program. Sometimes, multiparticle lracking is used io sec vvhat happens beyond the threshold. There is vcry few 
ana]ytical approaches. And, mosi of analytical approaches a]~e done with ,a lot ot' approximations. To undersland the 
nalure of lhe beam and proceed to shorler bunches, more ligorous analytic approaches are needed. 
For example, the cxistence and uniqueness of a solution for the Haissinski equation is not clear. There is not any 
successful approach to prove its existence and uniquencss. In this paper, we wil] prove it for iWo examples: for a 
pu]'ely capacitive wake function, we provc the existence and uniqueness rigorously. This wake function is a very 
special one but it is thc first siep towards thc rigorous proof for the general cases. 
Previous independent numerical sludies seem to indicate thal the Haissinski equalion always has a unique solution, 
except for a single well-known case: a pure]y inductive wake func[ion. Wake functions fo]' the modem stor{rge and 
damping rings lend to be purcly inductive, because their vacuum chambers tend lo be smooth. They conlain small 
discontinuilies only, such as s]]allow steps, transitions masks and bellows elc.. When lhe bunch length is sufficiently 
larger than these objects, these objects produce the inductive wake functions. A purely inductive wake function, 
however, is known to havc a peculiar property: ii is the only known example of the case where a solulion of the 
Haissinski equation does not exist beyond a certain thresho[d. 
In the main part of this paper, we show numerical]y that such strange property come from the ill-deflned lreatmenl 
of a purely inductive wake function. Arter inlroducing a physica] regularization of ils singularity, as we will show 
numcrically, there always exists the so]ution of the Haissinski equalion. Some aulhors claim that the lhreshold of the 
existence of the Haissinski equation has physical meaning. That is, beyond the thresho]d, thc bunch is unstable. 
This argument is apparently wrong. The existence of a stationary so]ution and its stability are not ihe same. 
Actually, we will show thal the instabilily exists but the threshold is different, 
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 論文審査の結果の要旨
 加速器で粒子ビームを安定に加速できるかどうかは基本的に重要な問題である。ビームの定常状態を
 記述するハイシンスキー方程式と呼ばれる方程式の解の存在と安定性はこの問題に対する判定条件を与
 える。この方程式には,加速器のビームパイプの形状等に依存するウェイク関数と呼ばれる関数が含ま
 れており,これの違いが異なる加速器に対応するものである。
 従来ハイシンスキー方程式は主に数値的に解かれていたが,菖蒲田義博はウェイク関数が純容量的で
 ある場合において,必ず解が存在することを初めて解析的に証明した。また,ウェイク関数が純誘導的
 である場合,従来はパラメータの値によって解が存在しない場合があるとされていたが,菖蒲田義博は,
 ウェイク関数に適当な正則化を行うことにより,常に解が存在することを示した。さらにこの解が安定
 であるかどうかの解析を行った。
 このように,菖蒲田義博が自立した研究活動を行うのに必要な高度の研究能力と学識を持つことは明
 らかであり,菖蒲田義博提出の論文は,博士(理学)の学位論文として合格と認める。
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